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BLSCHKE SCHOOL WEB LIE
, $\text{ }$ POINCARE, WIRTINGER
Translation surface
(parametric curves) $C_{1}(u_{1}),$ $c2(u_{2})$ : $\mathbb{R},$ $0arrow \mathbb{R}^{3},$ $*$
$C_{1}(u_{1})=(f_{1}(u_{1}), f_{2}(u1),$ $f_{\mathrm{s}}(u1))$ ,
$C_{2}(u_{2})=(g_{1}(u_{2}), g_{2}(u_{2}),$ $g3(u_{2}))$
$C_{1}+C_{2}$ : $\mathbb{R}^{1}\cross \mathbb{R}^{1}arrow \mathbb{R}^{3}$ $S=Im(o_{1}+C_{2})$
$x=f_{1}(u_{1})+g_{1}(u_{2}),$ $y=f_{2}(u_{1})+g_{2}(u_{2}),$ $z=f_{3}(u_{1})+g_{3}(u_{2})$ .
$C_{1},$ $C_{2}$ (” ” $S$
) $u_{1^{-}}$ $C_{1}+*:C_{1}(u_{1}.)+C_{2}(.*),$ $u_{2^{-}}$
$C_{2}+*:C_{1}(*)+C_{2}(u_{2})$ 2 $F_{1},$ $F_{2}$
$S$
$\partial^{2}x/\partial u_{1}\partial u_{2}=0$ , $\partial^{2}y/\partial u_{1}\partial u_{2}=0$ , $\partial^{2}z/\partial u_{1}\partial u_{2}=0$
$z=F(x$ , 3 $x,$ $y$
$f_{1}’g_{1}’F_{xx}+(f_{1}’+g’2f^{;\prime}2g_{1})F_{xy}+f_{2}^{;}g2\prime F_{yy}=0$
Gauss map $(F_{x}, F_{y})$ : $Sarrow \mathbb{C}^{2}$ ( $\mathrm{P}^{2}$ chart )
generic $S$ $f_{1}’,$ $f_{2’ g}’\prime\prime 1’ g2$ , $F_{y}$
Monge-Amp $\mathrm{e}\mathrm{r}\mathrm{e}$
$P(F_{x}, F_{y})F_{xx}+Q(F_{x}, F_{y})F_{xy}+R(F_{x}, F_{y})F_{yy}=0$
( Lie Double
translation surface )
1065 1998 163-177 163
Lie Gauss map
$u_{i^{-}}$ Gauss map
$C_{i}’$ : $Sarrow \mathrm{P}^{2}$
$C_{1}’(u_{1})=[f_{1}’(u_{1}):f’2(u_{1}) : f_{3}’(u_{1})]$ ,
$C_{2}’(u_{2})=[g_{1}’(u2):g^{J}2(u_{2}) : g_{3}^{J}(u_{2})]$ ,
Gauss map Gauss: $Sarrow \mathrm{P}^{2\vee}$
Gauss $(p)=\{S$ $P$ $\mathrm{P}^{2}$ $\}^{\vee}$
$p=C_{1}(u_{1})+C2(u2)\in S$ Gauss $(p)$ $C_{1}’(u_{1}),$ $C_{2}’(u_{2})\mathrm{I}$
( dual)
Gauss map
Gauss $(p)=[\det|_{g_{2}}^{f_{2}’}, g_{3}f_{3}’,| : -\det|_{g_{1}}f_{1}^{J}, g_{3}f_{3}’,| : \det]$
S. Lie (1842-1899) 1882 Double translation surface
Double translation surface 2 translation




0.1 Lie (1882). $S\subset \mathbb{R}^{3}$ double translation su ace Gauss




0.2. 4 $3_{\text{ }}$ 4
$C\subset \mathrm{P}^{2}$ $S$ $\overline{\tau}-F$
–
0.3. Gauss map $Sarrow \mathrm{P}^{2\vee}l\mathrm{h}6$ sheet branched covering
$C$
1. Projective(Linear)Web.
– degree $d$ $C\subset \mathrm{P}^{n}$ $\mathrm{P}^{n\vee}$
$\mathrm{d}$-web $\mathcal{W}_{C}$
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1.1. $C$ $x$ $X^{\bigvee_{=}}H_{x}$ $H_{x}$ $\mathcal{W}_{C}=\{H_{x}, x\in C\}$
$C$ Web Algebraic Web
$p\in H_{x}=x^{\vee}\Leftrightarrow p^{\vee}\ni X$
$P$ $H_{x}$ $p^{\vee}.\cap C$ ( )
$C$
$p^{\vee}\cap C=\{x1, \ldots, x_{d}\}$
$x_{i}$ $x_{i}$
$C$ $p^{}$ $x_{i}\in C$ $P$ $C$
$x_{i(p)}$ $P$
$x_{i}^{}=H_{x_{i}}=\{x_{i}(p)=x_{i}\}$ $\mathcal{F}_{i}$ $x_{1},$ $\ldots,$ $x_{d}$ –
–
$\mathcal{F}_{i}$
1.2 Nakai. $C,$ $C’\subset \mathrm{P}^{n}$ ( ) $h$
$\mathrm{P}^{n}$ $h$ ( ) Web W
$\mathcal{W}_{C’}$ $h(H)p=H_{\emptyset}(p),p\in C$ $\phi$ : $Carrow C’$
$C$ $C’$ $n+1$ $g$
$h,$ $\phi$ ( )
$d$ $C\subset \mathrm{P}^{n}$ Web $\mathcal{W}c$ $\mathrm{P}^{n}$ $\mathrm{P}^{n\vee}$
$C$ Linear system Linear system




$D$ $C$ ( )
$D’=C\cap H$’
$H’$ $H,$ $H’$ $\mathbb{C}^{n}$ 1
$f,$ $g$ $g/f$ $\mathrm{P}^{n}$




$D,$ $D’$ $h$ $(h)=D’-D$ $D,$ $D’$
$\mathrm{P}^{n\vee}$ $D$
$(h)+D\geq 0$ ( $h$ $0$ $D$ )
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$h$ –
$h$ $|D|$ complete linear system
( ) $\in|D|\Leftrightarrow$
12
13. $C,$ $C’$ $D,$ $E$ $C,$ $C’$




$E$ $\phi$ ( )
2 .
(Canonical curve) $C_{g}\subset \mathrm{P}^{g-1}$
$(2g-2)$ -Web $\mathcal{W}_{C}$ $C_{g}$
$g$ $C$ $\mathrm{g}$ 1- $\omega_{1},$
$\ldots,$ $\omega_{\mathit{9}}$
( Riema $\mathrm{n}\mathrm{n}$-Roch )








$c\in\pi_{1}(C)$ $\omega_{i}$ $\omega_{i}$ ambiguity
$\phi$ $J$ $=\mathbb{C}^{\mathit{9}}/\Lambda$ A
$( \int_{c}\omega_{1}, \ldots, \int_{\mathrm{c}}\omega_{g})\in \mathbb{C}^{g}$ $\mathbb{C}^{\mathit{9}}$
$C\subset \mathbb{C}^{g}/\Lambda$
J \tau --- $\text{ }$ 1 $$
$0$
$$
$\phi(x_{1})+\cdots+\emptyset(X_{\mathit{9}^{-1}})$ , $x_{i}\in C$
$C$ $g-1$ $\mathbb{C}^{g}$
$=C+\cdots+C$
translation surface Self translation surface






$\psi$ : $Carrow \mathrm{P}^{g-1}$
$\psi(x)=$ $\{$holomorphic 1-form $\omega \mathrm{s}.\mathrm{t}$ . $\omega(x)=0\}^{\vee}$





$\psi(x)=[\omega_{1}(x):’. . : \omega_{g}(x)]$
$C$ $x$ $C$
$\psi(x)=[\omega_{1}(\partial_{X)}$ :. . . : $\omega_{g}(\partial_{X})]$
( $C$ : Linear system
)
$C$ 1- $0$ $C$ K (
$C$ 1-
) $\psi$ $C$ $C\subset \mathrm{P}^{g-1}$
( multiplicity ) 1 1
$2g-2$
( $C$ $C$ $\mathrm{P}^{1}$ 2
$g-1$ 2
$\mathrm{O}-$ $2g-2$-Web $g-1$-Web )
$\omega,$
$\omega’$ 2 1- $0$ $D,$ $D’$
$\omega,$
$\omega’$ $f(z)dz,$ $g(\mathcal{Z})d\mathcal{Z}$ $\omega’/\omega=f/g$ $\omega’/\omega$
$C$
$(\omega’/\omega)=D’-D$
generic $g-1$ $C$ $D_{+}$ $\mathrm{P}^{\mathit{9}^{-1}}$






1 1 $\overline{\tau}-P$ $D_{+}$ $D_{-}$
$x_{1}’’,$$\ldots,$ $x_{g-1}$
$g-1$ 1 , . . . $F_{2g-2}$
$x_{i^{-}}$ –
$$ ( $D_{-}$ Translation
3 Abel .
$\mathbb{C}^{n}$ Translation surface 1 $n-1$ -Web
Translation surface $S$
$S=c_{1}+\cdots+c_{n}-1$
$S$ ( $i=1,$ $\ldots,$ $n-1$
$c_{1}+\cdots+*+\cdots+c_{n}-1,$ $*\in C_{i}$
(leaf) 1 $S$ double translation $\mathrm{s}$ urface
$S$ $2n-2$ -web (of $\mathrm{c}\mathrm{o}\dim 1$ )
1-
$C\subset \mathrm{P}^{n}$ $d_{\text{ }}$
$g$ $\omega$ $C$ 1- $C$
$H_{p}$ .
$C\cap H_{p}=\{x_{1}(p), \ldots, xd(p)\}$
$C\cap H_{p}$ $x_{i(p)}\in C$ $P$
$\mathrm{P}^{n\vee}$ 1 $TraCe(\omega)$





( $dz$ $u=1/z$ $dz=-z^{2}d_{\mathcal{Z}=}-1/udu$ $z=\infty\in \mathrm{P}$ 2
$\omega$
$\mathrm{P}^{1}$ 1- $\omega/dz$ $\mathrm{P}^{1}$
$f/g$ ($f,$ $g$ ) $\omega$ $(\omega)=(dz)=-2$ )
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Web Abel
$C$ $\mathrm{P}^{n}$ (imbedding )
( $\mathrm{P}^{n\vee}$ Trace )
$D=x_{1}+\cdots+x_{d},$ $D’=y_{1}+\cdot\cdotarrow+$ $C$ $d$ –
$D,$ $D’$ $C$ $f$
$D’$ – $D=(f)=f$ $0$ – $f$
$f$ : $Carrow \mathrm{P}^{1}$ $D,$ $D’$ $f$ $0,$ $\infty$





















$\subset \mathbb{C}^{\mathit{9}}$ $i-$ $$ $\mathbb{C}^{\mathit{9}}$ $x_{i}’\in C$
$x_{i^{-}}’$ .
$C_{i}(_{X_{i}’})=(- \int^{x^{\text{ }}}. \omega_{1}, ..., -\int^{x’}\omega_{g})\in \mathbb{C}^{g}$
translation $$ double translat ion surface
$$ double translation Lie
$x_{i^{-}}$ Gauss map
$\psi(X_{i})=[\omega_{1}(x_{i}):. . . : \omega_{\mathit{9}}(X_{i})]$
$x_{i^{- \text{ }}^{}\prime}$ Gauss map
$\psi(_{X_{i}’})=[\omega_{1}(X_{i}’):. . . : \omega_{\mathit{9}}(x_{i});]$
$\psi$ : $Carrow \mathrm{P}^{\mathit{9}^{-1}}$ $x_{i},$ $x_{i}’$
$$ Gauss map $\mathrm{P}^{g-1}$
$a_{1}\omega_{1}(X_{i})+\cdots+a_{\mathit{9}^{-}\mathit{9}}1\omega-1(xi)=0$ ,
$a_{1}\omega_{1}(x_{i})’+\cdot..$ $+a_{\mathit{9}^{-1}}\omega g-1(x_{i}’)=0$
$[a_{1}$ :. . . : $a_{\mathit{9}^{-1}}]$ $x_{i},$ $x_{i}^{J}$ 1–
$\omega=a_{1}\omega_{1}+\cdots+a\mathit{9}^{-1}\omega \mathit{9}^{-1}\in \mathrm{P}^{g-1}$
1 1
5 Torelli $+\epsilon,$ $\epsilon>0$ .
Double translation $\mathrm{O}-$ $C$
$x_{i}$ -curve, $x_{i}’$-curve $$ $P$
Gauss $(p)$ $H_{p}$ $H_{p}$
$$ $P$ $$ ( Tangent
cone) (Special divisor deformation)
$p$ Gauss map $H_{P}$
5.1(Torelli?). Gauss map Gauss: $$ $arrow \mathrm{P}^{g-1\vee}$ $$
( )
{ $\phi(x_{1})+\cdots+\phi(x_{\mathit{9}^{-1}})|$ $i\neq i$ $x_{i}=x_{j}$ },
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$\mathrm{P}^{\mathit{9}^{-1}}$
{$p\in \mathrm{P}^{g}-1\mathrm{v}|p^{}\cap C|$ } $=C$ Projective dual variety
. $P\in \mathrm{P}^{g-1\vee}$ $H_{p}\cap C=x_{1}+\cdots+x_{2g-2}$
$x_{i}$ $P$ $x_{i}$
$P$ Gauss map $P$ $H_{p}\cap C$
$P$ $x_{1},$ $\ldots$ , X9-1 $H_{p}$
$\mathrm{P}^{g-1\vee}$
$P$
$\mathrm{P}^{\mathit{9}^{-1}}$ $\mathrm{P}^{\mathit{9}^{-1}}$ ( )
$x_{i},\dot{\iota}=1$ , . . . , $g-1$ $H_{p}$













– $x_{1}=\cdots=x_{i}$ $C$ generic
Gauss map $P$ fiber $i-$
Gauss map $P$ $A^{i-1_{-}}\mathrm{t}\mathrm{y}\mathrm{p}\mathrm{e}$ stable map
$A^{i}(Gauss)=$ {$p\in|$ Gauss $P$ $i-$ }
$A^{i}$ $$ $i=g-2$ $A^{g-2}$
$g-1$
$(g-1)\cdot\emptyset(x)=\phi(x)+\cdots+\phi(x)$
– Gauss map (H.Weyl )
(strict dual) Wronskian
52(Torelli $+\epsilon,$ $\epsilon>0$ ) . $\subset \mathbb{C}^{g},$ $C\subset \mathrm{p}_{\mathit{9}^{-1}}$
$GauSs$ ($A1$ (Gauss)) $=projective$ dual of the canonical curve $C\subset \mathrm{P}^{g-1}$
Gauss($Ag-2$ (Gauss)) $=strict$ projective dual of the canonical curve $C\subset \mathrm{P}^{\mathit{9}^{-1\vee}}$
$$ ” ” $C$
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6 Web Abel .
– Web $M$ $n$- $M$ $c$ $d$-Web
$d$ $c$ $F_{i},$ $i=1,$ $\ldots,$ $d$ $\mathcal{W}=(\mathcal{F}_{1}, \ldots, F_{d})$
$\mathcal{F}_{i}$ – Lie-Poincar\’e
– 1
61. $c$ $d-Web_{\text{ }}\mathcal{W}=(\mathcal{F}_{1}, \ldots, F_{d})\text{ }\mathcal{W}’=(\mathcal{F}_{1’ d}’\ldots, \mathcal{F}’)$
$M$ $h$ $h(\mathcal{F}_{i})=\mathcal{F}_{i}’$
$d\leq n$ 1 $d$ -Web $x_{i}$ $\mathbb{C}^{n}$
Projective $W\mathrm{e}\mathrm{b}_{\text{ }}|\mathcal{W}=(\mathcal{F}_{1}, \ldots, F_{d})\text{ }F_{i}=$ { $x_{i}=$ const}
$n+1\leq d$





double translation surface $S=C_{1}(u_{1})+\cdots+C_{n-1}(un-1)$ $=C_{1}^{l}(v1)+$
. . . $+C_{n-1}’(vn-1)$ $u_{i},$ $v_{i}$ level $2n-2$-Web
$C_{1}(u_{1})+\cdot\cdot,$ $+C_{n-1}(u_{n}-1)=C_{1}’(v_{1})+\cdot,$ . $+C_{n-1}’(v_{n}-1)$
$dC_{1}(u_{1})du_{1}+\cdots+dc_{n-1}(un-1)du_{n}-1-dc_{1}(v_{1})dv_{1}$ $-...-dC_{n}’-1(vn-1)dv_{n}-1=0$
Abel
62. $\{1, \ldots, d\}$ $\{i_{1}, \ldots, i_{s}\}$
$f_{i_{1}}(u_{i_{1}})d.u_{i_{1}}+\cdots+f_{i}S(u_{is})du_{iS}=0$
Abel
63. ($=$ $0$ ) Abel $A$
$dimA=rank(\mathcal{W})$











$k(n-1)$ $n=2$ ( )
$\pi(d, 2)=\frac{1}{2}(d-1)(d-2)$
6.5(Chern$(1978)$ ). $\mathbb{C}^{n}$ codim$=1$ $d$-Web
rank$(\mathcal{W})\leq\pi(d, n)$
6.6 Linearization Algebrization. $\mathcal{W}=(F_{1}, \ldots, F_{d})$ 1 d-We1
germ $germ_{\text{ }}f$ $f(F_{i})$ leaf
germ $Ci\subset \mathrm{P}^{n}$ $f(F_{i})=\{H_{x}=x^{\vee},$ $x\in Ci$
$W$ ( Linearizable Linear $d$-Web germ, $\mathcal{W}_{\text{ }},$ $C=$
$(C_{1}, \ldots, C_{d})$ , Ci $\mathrm{P}^{n}$ germ, $C_{1},$ $\ldots,$ $C_{d}$
$m-$ $\mathcal{W}$ ( Algebrizahon
. Linearization Algebrization ?
Lie-Wirtinger maximal rank (Castelnuovo bound attain
)Web
$$ $2g-2$-Web
(\S 13) Castelnuovo bound
$\pi(2g-2, g-1)=g$
Wirtinger
6.6 $\mathrm{S}.\mathrm{S}$ . Chern Lie-Wirtinger theorem Monatshefte
Math.Phys 46,384-431 ) $\mathrm{i}\mathrm{d}\mathrm{e}\mathrm{a}$ Poincar\’e ). $W.=(\mathcal{F}_{1}, \ldots , \mathcal{F}_{2\mathit{9}})\mathrm{I}$
1 $\mathbb{C}^{\mathit{9}}$ $2g$ -Web $rank=g+1$ eb ( Pro-
jectivize : $\mathbb{C}^{n}$ Web
Chern-Griffiths –
7 Darboux-Griffiths .
Wirtinger ( ) Darboux
211 $(\mathrm{L}\mathrm{i}\mathrm{e}-\mathrm{D}\mathrm{a}\mathrm{r}\mathrm{b}\mathrm{o}\mathrm{u}\mathrm{x}-\mathrm{G}\mathrm{r}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{t}\mathrm{h}\mathrm{S})$. $rank\geq 1$ 1 Linear Web








– W $\mathrm{d}$ 1 $\mathcal{F}_{i}$ $\mathcal{F}_{i}$ $C_{i}$
$q^{\vee}$ $C_{i}$ $p_{i}=p_{i}(q)$ $q$
$C_{i}$ 1- $\omega_{i}$ 1– $p_{i}^{*}\omega_{i}$
$\omega_{i}$
$p_{1}^{*}\omega_{1}+\cdots+p^{*}d\mathrm{o}\omega_{d}=$
1 $\omega_{i}$ $\ell$ $C_{i}$ 2- $\Omega$ residue
2 $\Omega$
3 $\Omega$ residue $\omega_{i}$ $\omega$ $C_{i}$
4 $\Omega$ $C$ $d$
8 Part 1 Darboux .
$C_{i}$
$\omega_{i}=\frac{g_{i}}{f_{i}},$ $dx={\rm Res}( \frac{g_{i}}{f_{i}}dx\wedge dy)$






$a,$ $b,$ $y$- 2-















(ii) $\Sigma y_{i}\partial_{b}t_{i}=\Sigma yi\frac{g_{i}}{f_{i}},$ $=0$
















9. Part 2. .
9.1 ( $\mathrm{C}\mathrm{a}\mathrm{m}\mathrm{a}\mathrm{c}\mathrm{h}\mathrm{o}-\mathrm{L}\mathrm{i}\mathrm{n}\mathrm{s}-\mathrm{S}\mathrm{a}\mathrm{d}$, Ann Math. 1992). $M^{2}$
$C\subset M$ $\omega$ $C$ $M-C$ Stein
$\omega$ $M$
Griffiths
92(Griffiths Inv Math. 1976). $\ell\subset \mathrm{P}^{n}$
$\mathrm{P}^{n}$
$n=2$
10. Part 4. Lagrange interpolation formula.
1 2– $\Omega$ $y=y_{i}$





$y=y_{i}$ 1- 1- $y=y_{i}$ residue
$\not\in:\rho_{i}\geqq \text{ }l\Xi$





( $\Sigma\frac{\rho_{i}}{y-y_{i}}+$ polynomial in $y$ ) $dy$
$=$ ( $\Sigma\frac{-\beta i}{\frac{1}{u}-y_{i}}+$ polynomial in $1/u$) $\frac{du}{u^{2}}$
$= \Sigma\frac{-\rho_{i}}{1-y_{i}u}\frac{du}{u}+_{\mathrm{P}^{\mathrm{o}1}\mathrm{y}}\mathrm{n}\mathrm{o}\mathrm{m}\mathrm{i}\mathrm{a}1$ in $1/u+ \frac{du}{u^{2}}$
$= \Sigma-(\rho_{i})(1+y_{i}u+(y_{i}u)^{2}+\cdots)\frac{du}{u}++\mathrm{p}\mathrm{o}\mathrm{l}\mathrm{y}\mathrm{n}\mathrm{o}\mathrm{m}\mathrm{i}\mathrm{a}1$ in $1/u \frac{du}{u^{2}}$
$=$ ( $\frac{\mathrm{p}\mathrm{o}\mathrm{l}\mathrm{y}\mathrm{n}\mathrm{o}\mathrm{m}\mathrm{i}\mathrm{a}1}{u^{2}}$
in $1/u$
) $du-\Sigma\rho_{i^{\frac{du}{u}}}+$ ( $\mathrm{h}\mathrm{o}1_{\mathrm{o}\mathrm{m}\mathrm{o}}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{c}$ function of $u$ ) $du_{\mathrm{I}}$





$C$ $d$ $y=y_{1},$ $\ldots,$ $y_{d}$
$C$ $d$
Reiss (ii) Darboux (iii)
Griffiths -
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10.1. $n$ double translation surface $S$ $n+l$ $C\in \mathrm{P}^{n}$
$2n$ -WebW $C$ $\mathit{2}n$-Web $\mathcal{W}\ominus$
. Translation surface rank $\geq 1$ $\mathrm{L}\mathrm{i}\mathrm{e}- \mathrm{D}\mathrm{a}\mathrm{r}\mathrm{b}_{\mathrm{o}\mathrm{u}\mathrm{x}}-\mathrm{G}\mathrm{r}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{t}\mathrm{h}\mathrm{S}$
$S$ $2n$ $C\in \mathrm{P}^{n}$ 2$n$-WebW
$C$
$C$
060
$E$-mail address: nakai@math.hokudai.ac.jp
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